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‘Tue following demonstrations of some Theorems in Fresnel's 
Memoir on Double Refraction, are not offered as part of a com- 
plete treatise on this part of the Undulatory Theory, but merely 
as shewing that some of the remarkable propositions deduced by 


that author may be conveniently proved by a shorter and more — 
_ sdirect analysis than that which he has employed. Fresnel generally 


makes use of a mixed Geometry, which was perhaps the best method 
for establishing his theorems at first; but as his proofs are often 
tedious, it seems desirable to obtain demonstrations more suited to 
the general style of mathematics in researehes.of this kind. | 

1. We shall begin with a demonstration of the existence of a. 
system of three axes of elasticity—a proposition on which the whole 
theory of double refraction depends, and which Fresnel has proved 


_ by a method which has the advantage of geometrical distinctness, 


but which is long and rather difficult to follow out on that account. | 
The proposition is thus stated:—Jn any system of particles acting 
on each other with forces which are functions of their mutual dis- 
tunces, there are three directions at right angles to each other, along 
which if a particle be displaced, the forces of restitution will act in 
the same direction. | 


Let 2, y, z be the illinien of the attracted point, 
Ty Yp 2 Yy be of the attract- 
ing points, | 
the distances between the attracted and 
attracting points, | 
X, Y, Z, the total resolved forees along the axes ; 


| 
| 
i 
| 
if 
| 
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we shall have 
And. similarly Y and Z. Now let 
n= L/o(r) dr. 


Then X = om = 0, } 


Younes 0, $ when the particle is in equilibrio, 


= 0. 


_ Let the particle receive a small displacement, the projections of 
which on the coordinate axes are ¢a, cy, oz Then supposing the — 
displacement to be.very small, the force of restitution may be taken 
as proportional to it, so that we have 


_ AR 


Now the force of restitution will be in the dieostion: of the 
displacement, if X, Y, Z, be proportional to ca, cy, cz. Let then 
| 


Then putting | | 
AR 


dzdy dydz” dzdx dx dz dy , 


_ and substituting in the former equations, they become 
| (A—s)éa + C’cy + Boz = 0, | 
+ (B—s)zy + = 0, 
+ + (C—s)iz = 0. 
Eliminating ¢x, cy, éz, by cross a we obtain, as 
an equation of condition, | 


(A~#) (B—s) (C—s) — A2(A~s) — B2(B-—s) 

| + 2A'BC' = 0. 
This is obviously the same equation as that found in investigating 

the existence of three principal diametral planes in surfaces of the | 


® For an explanation of this method, see the last Article in this Number. 


ay 
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~ 
> 


second order, as well as of the three principal axes of rotation. As 
it is a cubie equation, it has at least one real root. Let us suppose 
that the axis of z is that which corresponds to this root, so that a 
displacement along it produces a force of restitution acting in the 
same direction. In this case A’ and B’ will vanish, for A’ is the 
force along the axis of y arising from a displacement along z, and 
B’ is the corresponding = for x. The equations are thus 
reduced | 


= 0. 


Eliminating s, we | 
cy 
The last term of — ], the two lines” whose 


| directions are determined by the two values of na are at right 


angles to each other, and as ¢z = 0, they are in the "plane of ry; 


consequently there are three directions at right angles to each 
other, along which, if a particle be displaced, the force of restitution 
acts in the same direction. 


2. The next proposition we shall prove, is that for determining | 


the velocities of the waves of light in a crystal. But it will be 

necessary first to recal Fresnel’s construction for finding them. 
Having proved, as we have just done, that in every crystal pate 

are three axes of. elasticity passing through every point, it is 


natural supposition, confirmed by experiment, that these axes ae 


always parallel to fixed straight lines. Take therefore these axes 
as the coordinate axes, and let the forces excited by displacements 
equal to unity in these directions be a?, b?, c?, respectively. Then 
if a particle receive a displacement = 1 in a direction making 


angles X, Y, Z, with these axes, the resolved porte of the ope: 
ment will be 


| cos X, cos Y, cos WA 
and the resolved parts of the force willbe 
a? cos X, 6? cos Y, c? cos Z; 
so that if f be the whole force, — 
Vai cos? X + cos? Y ci cos? 


and the cosines of the angles which its direction makes with the 


axes are 


cos X BeosY cosZ 
f 


and the cosine of the angle between the direction of displacement 
and the direction of the force of restitution will be 


a? cos? X bcos? Y + c? cos? Z 


7 


7 ie 

Fis 

at 

4 

# 
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tion of the displacement, the former part will be 
a* cos? X + b2 cos? Y + c2 cos? Z. 
If now we construct a surface whose equation is 
r2 = a? cos? X + b2 cos? Y + c2cos?Z, 
and a particle be displaced along any radius, the square of that 
radius will represent the resolved part, in that direction, of the 


_ force of restitution. This surface is called the surface of elasticity, 


and its equation between rectangular coordinates evidently is 


+ 2). 


And if the force be resolved along, and perpendicular to, the diree- 


When the part of the force which is perpendicular to the iii 


tion of displacement is also perpendicular to the front of the wave, — 


Fresnel has shewn that it will produce no effect, and therefore may 
be neglected. But this will not generally be the case, and therefore 
this force will be equivalent to two others—one perpendicular to 


the front of the wave, which may be neglected, and another in the — 


plane of the front of the wave, which will have to be compounded ‘“ 


with that,in the direction of the displacement; so that, in general, 
the total effective force will not be i in the direction of the displace-— 


ment. It will be shewn, however, that in every plane there are two 
directions at right angles to each other, in which, if a particle be 


displaced, the part of the force perpendicular to the line of dis- | 


_ placement will also be perpendicular to the plane. If a displace-. 
-_ ment take place in any other direction in that plane, we may resolve 


it in those two directions, so that the forces excited will be in the 
same directions and proportional to the squares of the correspond- 


_ ing radii of the surface of elasticity, and vibrations parallel to these 
directions will traverse the medium sae: velocities proportional t to 


the radii. 
To prove the existence of ‘in two divoctighs, let 
le + my + nz = 0: ease 
be the equation to the plane of the front of the wave, 
lxe+my+nz= 0 | 


the equation to a plane passing through the directions of the dis- 
placement and of the excited force, so that | 


lt cos X + m'cos Y + Z = 0. 
and [ a? cos X + m'b? cos Y + cos Z = 0 (2). 


_ In order that the part of the force which is not in the direction of — 


these two planes must be perpendicular to each other ; therefore - 


ll’ +- mm’ + nn’ = 0......... (3). 


Eliminating 7, m’, n’, between these three equations, by cross 
multiplication, we get © 


(b* —c*) Leos Y cos Z + (c?—a?) m cos Z Gos 
+ (a?—b*) ncos X cos¥ = 0......... 


the displacement may be perpendicular to the front of the wave, . 


|_| 
. 
7 
\ . 
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which, together with the equations af | 
X + mcos Y + ncosZ = 0... 
cos? X + cos? + cos?Z =1......... | 


determine the angles X, Y, Z, and therefore the direction of the 


displacement. 

These directions.are the same as ‘oes of ‘ie greatest and least 
radii of a section of the surface of elasticity made by the same — 
plane. For to determine these we have the equation _ . 


= a? cos? X 4 cos? Y + c2 cos? Z, 
with the condition dr = 0, and the equations (5) and (6). 
Differentiating, we get 
| a’ cos X dcos X + b2cos Y dcos Y + &? cos Z dcosZ = 0, 
ld cosX + mdcosY +ndcosZ = 0, 
cos X dcos X + cos YdcosY + cos Z dcosZ = 0. 


Eliminating, as before, d cos X, d cos Y, d cos Z, between these 
three equations, we get ; 


Y cos Z + (?—a?) m COS cos 
+- (a? — 5?) n cos X cos Y = 0; 


the same as (4), so that X, Y, Z, being determined by the same 
~ equations in the two cases, the resulting values will be the same in __ 
both. Hence, in order to find the velocities of the rays of light 


in passing through a crystal, we have merely to determine the — 
greatest and least radii of a section of the surface of elasticity. 


_ This may be effected more readily than is done by Fresnel, in the 


following manner. | 
Let = a? a? + 

be the equation to the surface of elasticity, where 
| r? = y? + 2? 


and let the surface be cut by a plane _ : ys 


+ my +.nz ...... 
When r is the greatest or least radius in the ilies made by this 


plane, we have the condition dr = 0. Differentiating the three 


equations with this condition, we get 


O = + by dy + ......... (4) 
ldx+ mdy+ ndz......... (6). 


Then A(6) + B(5) + (4) gives, on ~~ to O the coeth- 
cients of each differential | 


Al + Ba+azr#=0 
Am + By + b¢y = 0 
An +Bz+c?z = 0. 
Multiply by x, y, z, and add, considering the conditions (1), 
(2), (3). Then we have 


Br2 + r’ = 0, or B = — 72: 


? 


: 
- 
=, 
* 
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therefore substituting 


Al = Am = (2-8) y, An = 


Multiply by 4, m, n, and add; then, by the condition ee we have s | 


n? 


72— 


a quadratic equation inr2from which two values of r? may be found, | 


thus the velocities determined. 


It is easy from this to determine the equation to the wave surface, 
for it is the locus of the ultimate intersections of planes the per- 


-pendiculars on which from the origin are determined bythe above 


equation. Calling the perpendicular v, it will therefore be deter-— 
mined by the following equations : 


my + ne = (1), 
j2 m2 n2 | 


For’ the process employed the reader i is referred to the Cambritige 


ee Transactions, vol. vi. part I. But we may add here a method of 


finally eliminating /, m, , and 1%) which 1 is ‘somewhat shorter than 
that employed there. 


_ Having found that 
a (at v?) = ly (a? — y —v?) = mv (02 
| z (c? — v?) 
substitute the values of J, m, n, given by these equations in (2), 
which then becomes 


(5) 

Subtracting (4) from (5) we get : 

(a? 


which is one form of the equation to the wave surface. ~The form 
used by Fresnel may be easily deduced by combining equations (4) 
and (6). 8 if we split each term of (4), it becomes 


a2 x2 by 22 y? = 


i 
. 


f 
4 


On Equation to the | the 
which by the condition (6) reduces itself to. 
By 


in which, if we substitute 2? 4+ ye +. 2 for r?, and up, 
we shall obtain Fresnel’ . form of the equation. © 


G.A. S. 


HI. —ON THE EQUATION TO. THE TANGENT OF 
ELLIPSE. 


In the usual method of finding the Eavsllon to the tangent of an 
Ellipse, the point of contact is given, so that the required equation 
involves its coordinates, and if we wish to deduce any general 


properties of. the tangent, independent: of the particular point of — | 


contact, we have to “eliminate two quantities, which neceasarily 


renders the operation of elimination troublesome. This may be 


avoided by finding the condition that a line should be a tangent to” 
an ellipse without specifying the point of contact. For by this 
means only one indeterminate quantity is introduced, the elimi- 
nation of which is generally easily effected. The quantity chosen — 
is the tangent of the angle which the tangent to the curve makes 
with the axis of : 


Let 


be the equation to a = cutting the pee 


If we substitute 7 value of 7] from (1) in (2) w we obtain a quad- | 
ratic equation in 2, the roots of which are the values of 2 at the ~ 
two points where the line in general cuts the ellipse. If the line 
become a tangent, these two values of 2 must be equal; and on 
making the condition that the quadratic in x shall be a complete 


‘square, we obtain, as an equation of condition, 


B= Vara? + 

Hence the equation to the on. ae to the ellipse may be put 
under the form 

= ad t (3), 


where a is the tangent of the angle which the line makes with the 
axis of 2. | 
This form of the equation is not new, for it is given by Mr. 


Waud, in p. 73 of his Algebraical Geometry. But that author 


a 
& 
4 
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3 

; 

| 
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ine not seem to have observed its use in deducing sevens of the | 


principal properties of the Ellipse. cates of these applications: we 


shall now give. oe 


1. To find the locus of the: intersection ‘of two: tangents to an 
ellipse, which are at right angles to each other. a 
By (3), the equation to the one tangent is ? 


= ar + 72, a? 623 


the equation to the other, areas is perpendicular to it, is 


| or ay + had 
Transposing, squaring, and adding the two equations, we have | 
+o?) (2? + = +8) (1 + | 
whence 2? + . 
2. To find the product of the perpendiculars from the foci on 


the tangent. 
The coordinates of the foci are 


x = ae, y = 0: c=—ae,y=0. 
Therefore the length of the perpendiculars p, p,, on the tangent ) 
y= + Vea +B, 
age + Vara + age + a2 + 


are = — Ps = 
V1 + a? ATE 


therefore | | | 
Py 1 +a = 62. 

3. To find the locus of the pcninis of the Ppaenen from 


the foci on the tangent. 
The equation to the tangent is 


| 
The equation to the rn on it from the focus is 


* (x — ae), 


or ay = — 
- Transposing, squaring, and adding, we have | 
+-a*) + y?) = (1 + a?) a, or 2 + a, 

We shall not proceed to show how by the same means we can 

- find the locus of the perpendicular from the centre on the tangent, 
or how to prove that AT. at = 6? (Ham. Con. Sec. p. 108). as 

— our readers can easily do so for themselves. 
_ The analogous properties of the hyperbola may be proved in the 
_ Same way by the use of the equation | 


‘ 
| 
2 
a 
: 
7 
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y = ax + Va2 a? — 
and those of the parabola from the a 


~ But we need do no more bm indicate this, as the method is 
the same as in the ellipse. : | 


GENERAL DIFFERENTIATION. 


Tue idea of differential coefficients with general indices is not 
modern, for it occurred to Leibnitz, who has expressed it in his 
correspondence with Jean Bernouilli. Euler has written a few 
pages on this subject, which Lacroix has copied into his:large work 
on the differential calculus. Formule for expressing the general 
differential coefficients of functions by means of definite integrals, 
have been given by Laplace (Théorie des Probabilités, p. 85, 
3rd edit.), by Fourier ( Théorie de la Chaleur, p. 561), and by Mr. 
Murphy (Cambridge Phil. Trans., vol. 5.). But it appears that 


the only person who has attempted to reduce the subject to a 


system, is M. Joseph Liouville ; three memoirs by whom,—one on 
the principles of the calculus, and two on applications of it,—are 
inserted in the 13th volume of the Journal de T Ecole Polytech- 
nique, for the year 1832. Professor Peacock, in his valuable and 
interesting Report on certain branches of Analysis, which forms a 
part of the Feport of the British Association for 1833, has spoken 
of M. Liouville’s system as erroneous in many’ essential points, 
and has given a sketch of one very different. But after referring 
to M. Liouville’s memoirs, and bestowing considerable attention on 
the subject, we have come to a contrary opinion, at least with 


respect to his conclusions, which are the same for the most part 


as will be found in this article. Some points in his theory we 


admit to be objectionable, and these we have altered. 


2. The transition from differential coefficients whose indices are 
positive integers, to those whose indices are any whatever, should 
be made in the same manner as the transition in algebra, from 
symbols of quantity with positive integral indices to those with 


general indices. Before we can prove any equations involving 
d*u 


re where a is general, we must affix a meaning to that expression, — 


which can only be done by making some definition or assumption 


“Gy 
x 


ij 
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respecting it. The assumption ought to be such that our results 
may coincide with the known results of the differential calculus 
when a becomes a positive integer. We shall therefore assume 
that the following equations, proved for differential coefficients 


with positive integral indices, hold true for differential coefficients — 
_ with general indices : 


du gy 


d* d?u d? dou | 
dx* ye dat 
3. From equation (A) it follows that if a be a constant, 
| 
“das dat 
- When a is a positive integer, this is very easily proved by waking 
v =U, 2u, 3u,..... to (a —1)u, in succession. Next, let 


a =7 p and q being positive integers. Then, by the former 


case, | 
therefore 
dtu 


da* | 
The proposition is also easily proved for a negative constant by 
assuining, in equation (A), v = —uwu. It seems that it cannot be 


proved when @ is not a real quantity, but we shall extend the 


proposition to this case by assumption. 
4. Fr rom equation (B) it may be easily deduced that 


that is, that the operation denoted by =f is such, that being per- 


| dai. 
. . | au 
formed g times in succession upon u, the result will be RL 


The same equation also enables us to interpret the meaning of 


erred being an integer, for by making a = — n, and B = n, in 


equation (B), we have 


4 | 
| 
ig 
| ( =) dPu 
P daP 
dxq 
“ 
ved 


to a, therefore 


| volving by adding to this quantity 


1S 
a" d™ du 
whence it follows that is the inverse of the operation —., 


yn 


_ But we know that the inverse of — is the n‘" integral with respect 


dx" 
n denotes the n'" integral with respect to x. 


5. The most important conclusion to be deduced from (C) is. 
obtained ‘by supposing 8 = — 1, whence 


d= 


In deducing this formula the integral has been supposed in- 
definite : but it is easy to see that differentiation, under the sign of 
integration, is also allowable when the integral is taken between 
limits, provided that neither of the — values of y involve the 
varameter 


6. Since, as has been shown in ¢: 4, general differentiation includes 


integration as a particular case, and since the complete expression _ 


of an integral involves arbitrary constants, it follows that the com- 
plete expression of a general differential coefficient must invelve 
arbitrary constants. We may. express _ this by saying that the 


general value of is is not 0. It is evident also, that we may 


introduce the proper arbitrary constants into any expression in- 
d* ) 
dx 

with Liouville the complementary function. We may therefore neg- 
lect the complementary function in investigating general formule. 


Its form will be investigated hereafter. 


7. We proceed to investigate the values of the general differential 


coefficients of various simple functions, and shall begin with «”*, 


because the result is easiest to be obtained, and may be made the 
foundation of all the rest of the calculus. 


Put | y = 


then y satisfies the equation © 


dy 
MY = 0. 


Hence by equation (A) and § (3) 
d= dy d+y 
dae dx" dae 
dy ly d dry 


which we shall call | 


i 
4 
| 
| 
3 
é 
. 
= 


a 
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whence ay 


| 
Let a = 7, then, by § (4), 
| AP rx 


whether p be positive or negative. Hence C = nP , and 


daX 


8. Since, if x be positive, 


= D)s 


d« j 


dag 
Let ya = 0, then the —. is changed to 


fee 


If we designate, as ds has done, the definite integral 
fo 9 ga by I'(a), 


we have then 


We have supposed x positive, but since the formula is not altered 
after changing x into —a and reducing, it holds whether x be 


positive or mere 


| 
9. To find the value ot ave proceed as follows ; 


Supposing x pesos; and making yx = Oin the definite integral 
ety n—1 
0 
we find, 


dy = lee = Tis), = 
Therefore 


(j 1 y" dy 


‘ 
’ 
= 4 
= 
> 
* 
: 
4 4 
> 
- 
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and by making ox | 
The remark at the end of the last section applies equally to this 


expression. 


10. We shall digress. to prove a few of the most important 
properties of the definite integral T' (m). It is the second of the’ 
Eulerian integrals, as Legendre has called them, from their having - 

. been first treated of by Euler. It may be put into other forms. 
beside dd, for by making «~’ — a, this becomes 


(tog dx; 


11. The first of the properties of the integra | in question is, that | 
if 2 be positive, 


(1+n) = aT (m) | 
For, integrating by parts, 
Now the integrated part vanishes when @ = ©, and also when 


@ = 0, sees n be positive ; hence, in this case, 
If n — 0, the integrated part becomes —] when@ =0; and ~~ > 


if 2 be negative, it becomes « ; so that in neither of these cases the 
equation (G) is true. 


It follows from equation ( G) that if r be any integer less than 
| 

If x be a positive integer we may make r = 2; whence, ob- 
serving that I'(1) = /y°e~? dd = 1, we find | | | 

12. It is desirable to examine what I iis) becomes when 7 is 0 
or negative. For this parpane, let it be observed that the integral 
is equivalent to the infinite series | 
do + & 249 (2d9)"—! dd + dd 
Now as long as 7 is positive, the sum of the series within the 


brackets is infinite, but it is multiplied by the infinitely small 
quantity (d0)"; there is no reason therefore why the value of the 


4 

* 
— 
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expression should not be finite. When n = 0, the above expression 


for becomes 
— log (1—e" ®) = — log0 = o. 


When n is negative, the series within the brackets becomes | 


finite, but it is multiplied by the infinite quantity (d9)", therefore 
I'(n) is infinite when 2. is negative. It be remarked that 


though (0) (—n) are both infinite, is O, because 


(—n) 
(d@)" log —«~%) is 0, however small n be. 


13. To prove 
(m). =(*) 
T (mtn) 


.(K), 


where (=) denotes / i. (] =z) x” 'dr, which is called the first 


Eulerian integral. 
We have | 
(m). (n) = fret de See dy 
change y into xy, and dy into xdy, then the last expression becomes 
m+n— l dy dy. 


Chan e x into - and de into _--—-, then this becomes ~ 
ity lty 


o (i +y)"* 


The first factor is P (m + n); the ced] is to be transformed as 


| dz 
follows. Assume 1+y = then dy = 
when y = 0,2 = 0, and wheny=«,z=1. Hence 


and the is 


mand n, which are in general fractions, to be reduced 


to a common denominator, and to be equal to eS and changing z 


into 2”, the integral 


dz becomes r / 
comes | 


which is the form adopted by several writers. A good many of its 
properties are proved in Hymers’s Integral Calculus. 


| 
+ 
it 

dy = —}; 

n 


A 
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14. Let » = 1 — m, then (m + n) becomes 1, and the 


equation just proved becomes 


the value of which — boo. Ne be between O and 1. 
sin mr 


The following is a new method of finding it : 
Le? = (sin then 1—z = (cos dz = 2 sin cos 6 dd, 


whens = 0, and when z = 1, 


Hence. l 2" dz = tan 2" dd. 
If we put for tan 0 its vee » it is evident 


1- 2m 


| 
that be expanded in the form 


= 1+ A, cos26 + A, cos 40 
—V—1 (A; sin 26 A, sin40 +..... 


= sin mr + cos mr. 
Substituting the series, multiplying by the above value of 
(/—}1)'-?", and equating real parts, we find 


sin = (1 A\ cos 26 + A, COs 4:6 oe ) dé 


since the periodic terms vanish at each limit. Hence 
sin mr 


It is necessary that m should be less than 1, otherwise (tan 6)' ?"d0 — 
would not be infinitely small when 6 is so. 


15. In equation (L), put m = 5 therefore (3) | = 7, and 


= 
Hence, by (G), § 11, we find 


(@n—1) (Qn—3).... 3.1 
2 


| 
1) 
- 
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16. We now return to our subject of general differentiation. 
Our readers will find no difficulty in applying equation (FH) to 


obtain from formula (F) the known values of — — when a is an_ 


dx 


integer, positive or negative, provided that x + a be positive. 
But that formula must not be extended to cases where n or 2 + a 


is negative. “For it ee upon the equation r 


which represents of — in a series of exponentials ; 
\ 


\ 
‘and the infinite value of I (r) win r is negative shews that a_ 
positive power of x cannot be developed in such a series. We 


cannot therefore rely upon results which are obtained by supposing 
this equation true for negative values of r, But, without supposing 
formula (I) to hold when the index of x on either side is positive, 
we may deduce from it ronan to suit such cases. 
d+ n 
AT, To find 


- when x is positive and x — a negative. 


By formula (F) 


where we suppose, for convenience, 2 to be between 0 and J. 


Integrate both sides p times, p being any number less than 2 + a; 
then the first side becomes | 


d= Pl 
~ = 
x 


and the second side 
(7% + a)¢ 


[(n) 
wherefore 
cat | (1—n) 5 


but since 2 is between 0 and 1, ava equation (L), 


=(- 


sin 1 


i 
| 


a 
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Making this substitution, and changing p—~x into ‘ 
sin 


18. From this formula we may immediately arg one for the 


: contrary case, namely that where the index of < is negative before 


differentiation and positive afterwards, the index of differentiation 
being negative. For, affecting both sides of the last equation with 


and dividing by the constants, | 


and changing a — v into 2, and therefore n into a — a 

19. It remains to find a formula for the case where the index of 


x is positive both before and after differentiation. For this purpose — 
suppose a—n to be between 0 and | in formula (M), then the first — 


becomes 


and on:the second side the index of a will become p + n—a, and 


it will be muneipried by 
2) 


+ 2) (Q—a + 2) (1+ + 
Therefore 


dict (— 


+n +P—a) 


r (a—n). —a +n). 
Now 


= 


sin (a T (2-+-p a) - | 


and sina = (— 1)P sin(n +p). Substituting, and changing 


n + p into n, we find 
a” sin + 2) 
dx sin rd + nm—a) 
This formula may be easily shewn, by the same process as in 
§ 18, to be true when a is negative. 


sin 27 
sin a) 
markable for becoming equal to unity whenever a is an integer, 


while it admits of any value between + » and — & when a is 
fractional. 


The factor in the last expression, (—1)* » Is re- 


dz 
& 
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20. The most important features in the formule just investigated 
are the sines of multiples of the semicireumference. From formule 
(M) and (@Q) it follows that the differentials to fractional indices of 


_ positive integral powers of x are nothing; and from formule (N) 


and (QO), that when the index of z is fractional before diffe ‘entiation, 
and a positive integer after it, the differential coefficient is infinite. 


It is true that in the investigations we excluded the cases of the 
index of x being integral before or after differentiation, but that 
_ was only for convenience. In order to find the results in those 


cases, it would be necessary, where we supposed the index of x to — 
be between 0 and—1, instead of that to Sey it equal to— 1, 
0 


and by considering that — asa value of = is notfalse, but only 


differs from the value log a by an infinite arbitrary constant, and 
n 


that our object here is to get the value of in the form M a"; 


_ we shall see that our formulz (M), (N), (O), give the right results 
in the above mentioned cases. The only restriction upon the gene- 
-rality of the formule is that we must not make quantities under the 


sign I‘ negative or nothing. 


21. It is desirable 


generally true whatever be the values of a and nv. This may be 


_ done, though not in terms of the function I. 


Assume 
| 
da 
and take the (x — a)" differential coefficient of both sides, therefore 
da” yn a 


The value of = i is independent of x; let it be represented by 


P (x), then we have 


P (1) 
P — a) 
aud 
d* 2" P 


dat nm—a) 


It appears from formule (N) and (0), that the value of P (2) is 
infinite in every case except when is a positive integer, in which 
case it becomes 1. 2. 5..... It will in all cases possess the 
property | 
P(n) =n P (n—I1). 


t 
( 
e 
( 
| 
1 | to obtain a formula for —— which shall be 
| dx | 
| 
| 
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22. We are now enabled to assign the form of the complemen- 


tary function. The quantity which is to be added to the a!” 
differential coefficient of any function to render it complete, must_ 


evidently be one of which the (—a)' differential coefficient is 
nothing. But we have seen in § 20, that the fractional differential 
coefficient of a power of x vanishes when the index of that power 


_ is a positive integer, and in no other case; consequently the form 


of the complementary function is 


ei 


the number of terms being indefinite when the index of differen 


tiation is a fraction. 


IV.—ON A PROPERTY OF THE TRIANGLE, 


Tue following property of a sie is remarkable not only for 
the curious relation between certain lines, but for its leading readily 


to two elegant theorems regarding the radii of the circles which 


touch the three sides of a triangle. 
Let x, y, z be the perpendiculars from any point on the sides of 


_atriangle, p, g, r the perpendiculars r paraties to them 


through the angles. Then 


=+2 
If we join the point, from which the perpendiculars are drawn, 
with the three angles, the whole triangle. will be divided into three 
triangles, which have the sides of the triangles. as bases, and the 


lines x, y, z as their vertical heights. Let a, b, ¢ be the sides of © 


ax by cz . 
the triangle, then >, oe -~ will be the areas of the three parts ; 


and = area of whole triangle. 


Also area of whole triangle = 5 = = = os. 
Dividing the ere terms ms these quantities we get 
+= 


This relation between ms tines is aie that of the coordinates 
of a plane whien cuts the axes at points whose niece from the 
origin are p. ? 


< 
> 
| 
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If the point were outside of the triangle, we should have to sub- 
tract one of the terms, such as ¢ z, so sovned the resulting equation | 


would be 


Now let p be the radius of the inscribed circle, then i hid the 

centre of this circle as the given wehavez => y = z= p, 

and 


q 


Again, let Pr Po Pz be.the radii of the circles which touch one of 
the sides of the triangle externally, and the other two internally ; 
then we shall have, by similar reasoning, 


1 l 
+- 
P3 
Adding these equations we 


It is obvious that similar iil bold good for any tetrahedron, — 
but it is needless to do more than indicate them | 


V.—ON THE SOLUTION OF LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS. 


Tue following method of integrating near differential equations 
- deserves attention, not only as leading readily to the solution of. 


these equations, but also as placing their theory in a clear light, — 
and pointing out the cause of the success of the method usually 
employed. 

M. Brisson appears to have been the first person who applied — 
the principle of the separation of the signs of operation from those 
of quantity to the solution of differential equations. This he did 
in two memoirs of the dates of 1821 and 1823, but we have not 
been fortunate enough to meet with them, (if indeed they have 
been published), and our knowledge of them is derived from a 
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~ casual notice in a memoir of Cauchy on the same subject, in his 
_ Evercices, vol. ii. p. 159. This last author seems to have pursued 
a different course from Brisson ; and as it does not appear to be the 
best for putting the subject in a clear light, we have taken the 
liberty of deviating very considerably from his method, and in so 
doing we have probably approached nearer to that of Brisson, =~ 
If we take the general linear equation with constant coefficients — 
dr-2y | dy 
—- —_+.....+ Rh + Sy = X, 
| Bat a ies, 
when X is any function of 2, and separate the signs of operation — 
from those of, quantity, it becomes 
d” - | d 
tee. +R +8)y=X. 
The quantity within the brackets involving only constants, and 


the signs of operation may be considered as one operation per- 
formed on y, and it may be represented by } | 


d 
Here y is given at once explicitly if we are able to perform the — 


inverse operation of f (5) - For if we represent the inverse ~ 


~ 
operation by the usual symbol f (+ ) | ', and perform that 


operation on both sides, we get - 
 (Z)} 
or, 
_ It is plain that its general form we cannot easily perform the — 
inverse operation { St (=) > but if we begin with a simple case 


we shall be easily led to a means of effecting it. 
Let us take the equation | 


d 
y + = =ar", 
d 
or, (1 — ax". 


Now the inverse operation of (1 + £ is { 1 + cS There- 
fore 


; 


a 
4 
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= 


I : But as in integration there must be added an arbitrary constant — 
Becks. which vanishes by differentiation, so here we must add a function 


which will vanish when the operation (1 is performed on 


it. This complementary function may be found from that con- 
dition, but the foll wing more direct method is perhaps preferable. “ 


d 
Since the result of the operation on n the function is 0, we 
“may put the value of y under the ci 


i ys ar 0. 


_ Now if we treat the symbols of —— as if they were sy mbols 
_ of quantity, we have 


Ose 


is the same as dx. Hence 


d\> : 


(C being the arbitrary constant arising from the integration ) 


= (1 dae ). 


or, performing the operations indicated, 


But — 
| 


| d\-\ 
ence y (1 + =) 
Now expanding the first term : 
Therefore 


| 
As the operation (1 + =) frequently occurs in these equa- 


tions it is convenient to recollect that we must always add the 
function C «~*. And in the same way it would be seen if the ope- 


ration be € + the complementary function is C e~#*, and a 


similarly for all Binomial symbols of operation of this kind. 


| 
9.34 
() 
| 
i} | 
4 
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Equations of the first degree, when the coefficients of y and _ 


are functions of x, are easily reduced to this case by a change of 


the independent variable. Let us take as an example the equation 


dy ny | 
+ — = a, 
de V7) +2 


whence V1 -+ 2? (e” + € "), 
and the equation becomes | | 
t —- — (¢" 
erefore y + 5) (e +e") + 


or, expanding the first term, oe 
: t 


t 


2 dt dt 
= “(1 +5 - 
y = 1 + 5 1) + ce, 
or substituting for ¢ its value in terms of a, 
y= CE: 1) (V1 +2? 2) 


| + x? rz)". 

It is needless to multiply examples, as the principle of the method — 
in the case of equations of the first order is sufficiently obvious 
from those given. But we will proceed to prove a theorem which 
is very useful, particularly in equations of the higher orders. The 


theorem is, that 


dx 


dx 
For, if we expand the first side, we have | 


19469 


° 
. 


~ 
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dx | 
so that the second side may be put under the form 
(where the accented letters refer to e+, and the unaccented to X), 
and this is equivalent to 


by the Theorem of Lezbnitz. 


- When X = ¢”*, the proposition takes the form 


a) mx (m + a)" 


By this theorem all operations of the nature of (5; “5 a) are 
x 


reduced to differentiation, or, as in the cases to which we have een 


rally to apply it 2 is negative, to integration. a 


To return now to the general equatien which we represented by 
d 


The inverse operation of f (-) cannot easily be performed di- 
rectly, but we conceive the operation f (53) to be made up by the 


combination of 2 binomial operations of the form of (— _ ) : 
and, by what we have shown before, we can perform the inverse 


operation for each of these successively, and this will be equivalent 


d 
to performing the whole inverse operation of f (=) at once. For, 


treating the operation —— exactly as if it were a function of 7 of 


dx 


the same form, we can resolve it into factors, so that it becomes 


where a,, @,, dy, &e. are the roots of the equation 
f(z) =0. 
d 
Hence the equation f ¥ = X becomes 


| | 
| 
| 
ia 
sy 
+4 
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= Now, performing the inverse operation of (= - a,); we have 


dx 


j ___ by the theorem prefixed, since in this case n = | 
| d | 
We should properly add a term ( ep ie 0. = ¢e"\*, but as 
we may suppose the arbitrary constant to be included in the sign of 
integration, we may leave out this term for the sake of ee 


Again, performing the inverse operation of we have 

d d d | | 
(ae ~ 4) ae a.) (er X de) 


Integrating by parts, this becomes 


ge 8 a,— a, a, — a, 


Performing the inverse operation of ( se ie a,), we have © 


) & —a 
| ay C. | 
d ) 1 X dx ) X =) 


dx a, — 4, | a, — a, 


a, — ag — a, . 
And integrating each of the terms separately ay parts, we > Bet, 
as before, 


ape dx) (fe X dv) 

(4, a,) (a, a) (a, a,) (a, 

(fe dz) (fe X dr) 


| (4,—4;) (a, (a,--4,) (4,—4,) 
a and so on for every successive factor, so that at last 

a ( X dr) dot X dx) 


ote, 
‘ 

( 
* 
4 
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We shall leave to the reader the application of the general 
method to particular cases, and shall proceed to show how some 
equations, of an order higher than the first, may be conveniently 
solved without operating with each factor separately. 


For if we take the of the equation 


+35 = a cos ma, 
or (1 + y =a cos ; 
therefore y = (1 +5) cos + (1 + 
Now, ¢ +73) 0 (1 +z 
=(1+ 2) +°¢,) 


x5 


¢ “te * 


sin + COS 2. | 
d2 d4 


Also, (1 + acos mz =a (1- COS mx 
| | 


whence y = cos mx + sin COS 2. 


] — 
Again, if we have the equation 


where the binomial factors 0" operation are equal, it aaa be 
put under the form — | 


Now ) x? 
x2 4x 6 


= 2 + + 3. qa t+ &) At + 


f 

i 

whence —_— | — — 
dix dia 
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2) ~ o= (1-255) “(cote 


d~? ,d 
= (1 + 42 t +4) 
\ 


+e, + 4 3.92 + &e.) 


9 
(1 + + 1.2 


D2 


| 
+c, (1 4. +75 + &e.) + + + = + 


=({¢, + + Ze, gs 
therefore we have 


We might have omitted the latter part of this example, as it 


is easy to show, in the usual. manner, what is the form of the 


complementary function when the two factors are equal, but we 
preferred the method given, as shewing how we may arrive at 
the same result directly. 


On looking back on the method pursued, it is easy to see the 


‘ causes of some of the known peculiarities in the usual solution 


of linear differential equations with constant coefficients. In the 
first place, their solution is attended with greater facility than that 
of other differential equations, because in fact y is given explicitly 


-at once. In the next place, the exponential function which is 


assumed for the solution of these equations, is derived from the 

binomial factors of operation, (« — z) &ec.; and as there are 


n factors in an equation of the nt order, there will be 2 exponen- 
tial functions in the complete solution.” Lastly, the equation 


=x +0 


may be derived from the equation 


| 
J (5) 
by differentiation only; for in operating with each factor of the 


td 
form a — a) on X, we have only to expand according to 


powers of ai and perform the operations indicated, and then add 


* 
. 
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a term which must be the same as the term arising from the COrres- 
| ponding operation in the equation 


The application of this method to linear differential equations 


with variable coefficients is ettended with considerable difficulty, = 
and indeed neither Brisson nor Cauchy seem to have made any pro- 


gress in the solution of these equations. There are, however, some 
which can be thus integrated, but we shall defer to a future number 
any observations we have to make on them, as well as the applica- 


tion of the same method to equations of finite and mixed differences, © 


in which it is probably more useful than in differential equations. 
But, before leaving the subject, we would say a few words on the 

legitimacy of the processes employed in this method. In the pre- 

ceding pages we have spoken of treating the symbols of operation 


like those of quantity, so that at first sight it would appear as if the © 


_ principles on which the method is founded, were drawn only from 
analogy. But a little consideration will show that this is not really 
the case, and that the reasoning on which we proceed is perfectly 
strict and logical. We have spoken as if there were a distinction 
between what are usually called symbols of operation, and those 


which are called symbols of quantity. But we might with perfect. 


propriety call these last also symbols of operation. For instance, x 
is the operation designated by (7) performed on unity, 2” is the same 
operation performed 2 times in succession on unity, a + <2 is the 
operation (a + x) performed on unity, (a+ 2)" is the operation 


(a +a) performed x times in succession on unity. By the phrase’ 


‘‘in succession” is to be understood, that the operations are per- 
formed, so to speak, successively one on the back of the other; and 
perhaps it would be better to say, that the operation (2) Is repeated 
times on unity. And in this is to be distinguished from NX, 
which represents that ” of the operations (x) on unity are taken si- 
multaneously. In the same way as a(1) represents the operation 
(a) performed on (1), a(x) would represent the same operation per- 


formed on x, and a"(x) would represent the operation repeated 7 — 


times on (x). These operations are usually written ax, a"z. 
If, then, we take this view of what are usually called symbols of 


quantity, we shall have little difficulty in seeing the correctness of | 


the principle by which other operations, such as we represent by 
d 
(5) (A), &e., are treated in the same way as 4, b, &c. For 


whatever is proved of the latter symbols; from the known laws of 


their combination, must be equally true of all other symbols which 
are subject to the same laws of combination. Now the laws of the 
combinations of the symbols a, 6, &c. are, that _ 
a $b = b ja (x)3 
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And, if f, fY &e. be any other general symbols of operation 
(fand f, being of the same kind) subject to the same laws of com-. 
bination, so that 


and f (2) + f(y) + (3). 

2 - Then, whatever we may have proved. of a, b; &e. | 
three laws, must. necessarily be equally true of | 
Now we know that the symbol (d) is subject to these laws for E 

‘dm. d" — (mtn) (x) 
d 


dx z)) = dy )) 
d(x) +dly) 


and the same is true for the symbol A. 


Hence the binomial theorem (to take a particular case) which has 


a been proved for (a) and (0) is equally true for (=) and (5): so 


that we require no farther proof for the proposition, that when w is 
a function of two independent variables x and y, — 


n—l 


d d du 


: But this reasoning will not apply in the case of those functions 
a where the same laws do not hold. For instance, if we take the func- 
| _ tion log, we have not the condition espe 
log (x) + log (y) = log (x + y)- 

But log (x) + log(y) = log (ay). 

Consequently the binomial theorem will not hold for this fune- 
tion, though a binomial theorem might possibly be deduced for it, 
if the expressions did not become so complicated as to be un- 
manageable. 

We have as yet only considered the combinations of operations 
of one kind, but in the preceding pages we frequently made use of | 


d 
operations of different kinds together, as in the expression ( eg ) 


« Now so long as each of the operations is subject to the same laws, 

and that they are independent, that is to say, that the one symbol is 

_ not supposed to act on the other, the same deductions will follow as 

_ _- when the operations are of the same kind. Hence we assumed that 
as the expression 


can be resolved into the factors 
— a) (x — a,) (x — a,) &e. 


4 
¥ 
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The expression 
dn 
+ A By + &e. S 
can be resolved into the factors 


‘eee is the foundation of the method we have explained. 


But if we have united together such sy mbols as the 


same result will not hold. For though (x) is ‘an operation of the 


same kind as (a), yet it bears a different relation to (—). a as by 


the nature of this last operation it affects the operation (x), so that  @ 


(2)) is not to (z)§ 


or the second law of combination does not a with regard to these 


symbols of operation, and, consequently, theorems for other symbols 


ad 
deduced from this law are not true for such sy mbols as G) and 


dx 
(x) together. It is this peculiarity with regard to the combinations 
of the symbols (2) and pS which gives rise to the difficulty in the 


solution of linear equations with variable coefficients. 


Since this article was written, we have learnt that a report by 
Cauchy on Brisson’s Memoirs, which appears to have been favour- 


able, was rejected by the Academy of Sciences.. We know not for 
what reason. 


~VIL.—_SOLUTION OF TWO PROBLEMS IN ANALYTICAL 
GEOMETRY. 


In one of the Problem papers for 1836 there is given the following 
problem: To draw a tangent to a curve of the second order from 
a point P without it. From P draw any two lines, each cutting the 
curve in two points. Join the points of intersection two and two, 
and let the points in which the joining lines ( produced if necessary ) 
cross each other be joined by a line which will in general cut the 
curve in two points A, B. PA, PB are tangents at A and B. This 
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problem admits of a very elegant solution, which is applicable to — 
many similar questions, and which we shall therefore lay before our 
readers. Taking the two lines drawn from P as coordinate axes, 


the equation to the curve is 
Aa? + Bry + Cy? 4+ Da + Ey+ F=0......1)+ 


Let the curve cut the axis of a in points M, M’, and the axis of — 
y in points N, N’, and let PM =a, PM’ =a’, PN =6, PN =F. 


The equation to the line joining MNis 
ad 
the equation to the line joining M’N’ is 


and, as at their intersection we may combine their equations in any 


manner, adding them we get. 
=) tu -4- 5) =2 (2). 
Again, the equation to the line joining MN’ is 
a. t L, 


and the equation to the line joining M'N is 


at their intersection | | | 


which is identical with (2), and therefore is the equation to the 
line joining the points of intersection. eS 
If, now, in equation (1) we make y =0, we get __ 
Ac? + Da 4 F—0, 
as the equation for determining a anda’. And, by the theory of 
equations, 


| | F 
| a a F 
E 
F 


Similarly, + ; = 


hence equations (2) and (3) become 
Dz + Ey + ZF = 4) 
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If, now, we were to chavas the coordinate axes, retaining the — 
same origin, we should have to make in (1) substitutions of the 

mr ny's 
Y= a+ ny 

~ From the form of these it appears, that those terms which are of 
: the second degree in x and y, would not in their changes affect the 
other terms ; for every term involving x’, ay, and y?, would after the 
change involve only 2'2, ay’, and y% Similarly, the terms which | 
are of the first degree would also change independently. And it is 
clear that the constant term F would experience no change at a 
Now, if we were to make the substitutions in equation (4) the term 
_ 2F would, as before, remain the same, and the terms Dx+Ey would 
suffer the same change as the same terms in the equation to the 
curve. From this it appears, that if the lines PMM’, PNN’ change 
their position so that the coordinates are altered, the equation (4:), 
when deduced from the transformed equation (1), will be the same 
as when the transformation is effected directly on itself ; which 
shows that the line represented by (4) remains fixed in position 
while the coordinate axes are changed. Now the coordinate axes, 
cutting the curve each in two points, as they change their posi- 
tion, will ultimately become tangents, and this evidently at the | 
points in which the line, which we have shown to be fixed in posi-. 
tion, cuts the curve. Hence follows the method given in the 
problem. 


In one of the problem papers for 1835, the following problem, 
which may be solved by the same principle, is given: If AB, A’B' 
_be any two chords in a surface of the second order, the locus of the 
intersection of AA’, BB’ is a plane. 


Take O the point of intersection of AB, A’B’ as origin, OAB as . 
the axis of 2, OA’B’ as the axis of y. Put OA =a, OB=a, 
OA’ OB =6. 

The equation to the surface is | 

Ax? + A’y? 4+ Byz + B'az - + Bray | 
the equation to the line AA‘ is — 


the to the line BB is 


b 
At their point of intersection we have, by adding the equations, 


1 ] ] 


3 
i 
one 


__ whence equation (2) becomes 


Principal Axes of Rotation. 


i, now; in oqeition (1) we make z=0, y= 0, we have 


Aa? 4 Cr+ E=0 


as the equation for determining a and a’; whence 


a= 


A 
therefore 


Similarly we should find 


| Ce 4+ Cy + 2E=0. | 
Now this equation may be considered as the equation of the line 
in which the plane whose equation is | 


Ce +. Cy 4 C's + = 
cuts the plane of ay. 


And, as in the last problem, we may show that the plane repre. 
sented by equation (3) remains fixed in position ; so that the locus | 
of the intersection of AA’, BB’ is a plane fixed in — and de- 
termined by the equation 


Cz + Cy + C's 4 = 0. 


VII.—PRINCIPAL AXES OF ROTATION. 


THe moment of inertia of a system about an axis, which passes 
through the origin of coordinates, and makes angles a, [35 Y with 
the axes of x, y, 2, is equal to 


fsin?a + g sin? 4+ h sin? y 

— 2F cos 3.cos y — 2G cos y. cos a — 2H cos a. Cos /3, 
where f= g = h = [z*dm, 
and F = =/yam, G = = frydm. 

This expression will be much simplified if we can assign to the 
coordinate axes such a position as shall render the corresponding 
values of F, G, and H equal to zero. 

To discover whether this be possible, let us suppose the system 
referred to three rectangular axes of coordinates 2’, y', 2, which 
make angles with the axes of a, y, z, whose cosines are a, 6, ¢; 
a, b, & and a’, b", ec’ respectively. Between these nine cosines 
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there are six x equations of condition, so that there 1 remain but three 


to be satisfied in order to determine the position of the new axes. 
We require then that 


[yzdm = 0, fz = 0, faydm 
Now we have : | 


be ax’ +ay + a2’ 


and = + by + cz 4) 


(1) by x'dm, and we have 
f«xdm = afx'*dm, 
the other terms vanishing by the conditions. 
Also, multiplying (4) by adm, and integrating, we have 
= afxedm + bfaydm + cfxzdm 
= af + 6.H+4c.G 
= afx'*dm 
by the last equation. | 


Putting fx! 2dm = x, and transposing the terms of the equation, 


we have © 


Treating the equations (2) and (4), (3) and (4) in the same manner, 
putting only y and z respectively in place of x, we obtain 
=0......... (6) 
a.G+6.F +e.(h — X) = 0.........(7), 
and then eliminating the quantities a, 6 and e from equations (5), 
(6) and (7), by the method of cross beens wosemrcon de we obtain the 


equation 
— F2.(f— X) — G?(g — X) — H? (A — X) — 2FGH = 0, 
which is that arrived at p. 267, Whewell’s Dynamics. We should have 
obtained the same equation for Y = fy/*dm, or for Z = fz'2dm, and 


therefore, as it may be shown that the three roots of the cubic are 
real, scat d are the values of X, Y, and Z. 


P. 
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VIIL—ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 
No. I. 


|. Tue series of articles which we intend to give on this subject are 
chiefly designed to exhibit the advantages of mathematical sym-. 
metry. The French writers have commonly been more attentive to 
this than’ our own, and it may be seen frequently exemplified in 


Leroy’s Anal) yse appliquée a la Géometrie des trois dimensions. 
b But neither he, nor any other person that we know of, has made 
-_ any use of the following symmetrical form of the equations to the 
# straight line, though he mentions it, page 17, 2nd edit. 

2 Ll Let x; ¥, 2 be the coordinates of any fixed point through 


which the line passes; and A, p, v, the angles which it makes with 
the axes of coordinates, supposed rectangular, then | 
| cos A COS COS | 
- are the equations to the line. 


If the angles between the coordinates be any whatever, and if 
l, m, n, be the ratios of the projections of any portion of the line 


on the axes of coordinates, to, that portion, the projections being | 


made by planes parallel to the coordinate planes, then the equations 


to the line are 
The demonstration of this is very simple. 
Let 7 be the length of the portion of the line between the points 
(x, YZ), (2, y, z), then the projections of 7 are 
| lr, mr, nr. | 
But these projections are also 
2, 
Equating these values, we obtain | 


It will frequently be convenient to introduce the quantity 7 in 


investigations. 


— 4 y? 4 22 4 Qyz cos yz conse .(3)> 
therefore 
24 m2 4. n2+2mn cos yz + nl cos zx + 2m cos ( 4.) 


is the relation connecting /, m, 7. 


2. If the angles between yz, =x, xy be denoted by yz, zn, cy 
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3. It is evident that if L, M, N be any quantities respectively 

proportional to J, m, n, the equations to the line may be waitten; 

4. We shall not stop to prove the expression for the cosine of | 

_ the angle contained between two lines, in terms of the angles which | 

they make with a system of rectangular coordinates, but proceed to 

_ the more general proposition of finding the angle between two 

given lines, the angles between the coordinates being any whatever. 


_ Let the equations to two straight lines — to the given lines 
and passing cave the origin, be 


2 | 
m n 


| 


and let 6 be the angle between them. 

Then the square of the distance between the extremities of the 
lines r, is 

beet | it is also ai same as the square of the reste between the 
points (x, y, 2), (2, y', 2), which by the expression (3), § 2, 1s 

+ (y—yP + (2-2? 
“+2 y') (2 — cos yz + 2(z — 2’) (a — cos 
y') cos xy 
4 + yy 4 22’ + 4+ Cos yz 
+ (za + 2x) cos zx + (ay! 4. cos ...... 

Equating the expressions (6) and (7 ), substituting for x, y, z, 
a’, y', 7, in terms of r and 7 from equations (5), and reducing, 
we get 
cos 6 = I + mm! + nn’ + (mn + m'n) cos yz + (nl! + n'l) cos zx 

+ (Im! + Um) cos ry... 

which is one expression for cos 0. | 

If the two lines coincide, so that 6-0, 7 om m' =m, and | 
nv =n, equation (8) becomes the same as the equation ) eXx- 
pressing the relation between /, m, n. | 

If the axes be rectangular, cos yz, cos za, cos ay, are each — 0, 
and (8) becomes 

cos = 4 mm’ + nr’, 

l, m,n, l', m', n' becoming in this case the cosines of the — | 
which the two lines make with the axes. 

5. Let the angles which the first line makes with the axes, in 
the general case, be A, p, v, we may deduce from (8) the values of 
v, in terms of m,n 
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For suppose the second line to coincide with the axis of a, tino 
0 becomes d; and by considering the signification of these quan- 
tities, it will be seen that / becomes 1, m’ and 7’ each become 0. 
Hence (8) reduces to | 


eos = + zx + m cos zy. 


In like manner, cos p = m 4 n cos yz + xy, 


and cos y =” 4 m cos yz + l cos za. 


6. We may now obtain a shorter expression for cos 0. Multiply 
equations (9) by J, m', n' respectively, and add the products; then 
the second member of the resulting equation will be identical with 


the second member of (8), therefore 


eos 0 = TL +m’ cos p+ (10). 


This equation is remarkable for being of the same form as when 
the axes are rectangular. By es the two lines to coincide, 
we obtain from it 


X + m cos p ncos = 1... ...(11), 


a relation between these quantities independent of the angles be- 


tween the aXes. 


7. The values of l, mM; n, in terms of A, py ¥; may be easily found 
from equations (9,) by cross multiplication. 

We may also substitute the values of Z, m’, n’, in terms of 
d’', w; v’, in (10), and thus obtain an expression for cos 6 in terms 
of the angles which the lines make with the axes. 


8. From (10) we obtain for the condition, that a line which 
makes angles A, p, » with the axes, may be at right angies to a line 


whose equations are 
 y-y 2-2 


l’cosX cos p +n’ cosy = 0.........(12). 


_ Another form of the condition may be obtained from (8). 


9. To obtain the equation to the plane, we shall consider it as 
generated by the motion of a straight line which always meets a 
fixed straight line, and remains parallel to a given position. 


Let the equations to the generating line be 


xr—2' 
m n 


and those to the fixed line, | 


l m n 


Hence, 


y—y=mry, 
y —b — 
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Adding these equations, so as to eliminate 2’, y’, 2’, 
| 
Let a, B, y be the angles which a line perpendicular to both the 
former, makes with the axes, so that, according to (12), . 
a + m cos 

l’ cos a + m' cos B 4 n' cos y = 9,) 
then, multiplying equations (13) by cos a, cos /3, cos y, respectively, — 
and adding, and 7’ disappear, and 

— a)cosa + (y — b) cos B + (z — c) cos y = 0.........(15), 
which is the equation to the plane. This equation proves Euclid, 
book XI. prop. 4, for if p be the distance of the points (a, y, z) and 


(a, b,c), x—a, — b, z —e, are the projections of p on the axes, 
and the equation 


cosa +2 «cos y = 0 


COS 
shews that the line which makes ahs a, }, y With the axes is 

perpendicular to p, that is, to any line which meets it in that plane, , 
and therefore it is perpendicular to the plane. me '. 


10. It is easy to derive from (15) other useful forms of the equa- 
tion to the plane. We may suppose a, b, e, to be the coordinates of 
the point where the perpendicular from the origin on the plane 
meets it; then if the length of the perpendicular be c, we have by 
_ (11), since a, 6, c are the projections of ¢ upon the axes, 


a b | 
cosa + + = cosy = Il, 


whence 
xz cos a+ y cos 4+ 2 COs y = (16). 
: Ti. The sine of the angle between the line whose equations are 
and the plane whose equation is | 


x COS a + y cos B +zcosy =6, 
is the same as the cosine of the angle between the line and the per- 
| pooner’ to the plane, which, by (10), is 


Lcos a + mcos + Cos y. 


olf the line be parallel to the plane, this must be equal to 0. If 
the line be situated in the plane, we must have, in addition, 


x cosaty cosP+z cosy =. 
When the coordinates are rectangular, the conditions that the line 
_ may be perpendicular to the plane, are 


m=cosfi, n = Cosy. 
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12. To find the perpendicular distance from a given point 
(a, ys z) to the plane represented by 
x cosa + y cos B + z cos y =, 6. 
Let a parallel plane be drawn through the (x, Y, then 
its equation will be 
(x — x) cosa + (y — 
The required perpendicular will evidently be equal to the differ- 
ence between the perpenscuiary from the origin on these | two | 
planes 
13. To find the shortest distance between two lines, whose 
equations are 3 


| 

referred to rectangular coordinates. 

If D be the distance of two points in the two lines, 

Now 2, y, z are each functions of 7, and 2, y', z of 7’; but r and r 

are independent, therefore, when D is a minimum, | 

— a!) dx + (y—y) dy + (2-2) dz =0, 

(a — a) da + (y—y) dy + (z—7z)dz=0. 


But 
de dz... 
= dr, 
l 
dr day’ 
[ m n 


Substituting in the preceding equations, 
tn (z =0 

From these equations we see that the coordinates of the ex- 

tremities of the shortest distance satisfy the equations to two planes, 
respectively perpendicular to the two given lines. The line of the 


shortest distance is therefore the intersection of these two planes, 
and therefore perpendicular to both the given lines. 


_ The six equations ne and (18) determine the values of. the six 
coordinates x, y, z, 2, 7,2 The best way to solve them would be 
to substitute in (18) the values of the coordinates in terms of 7 and 
r obtained from (17): thus we should have two simple equations — 
for determining 7 and 7’, the values of which being found, those of 


the coordinates would be known. | 
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4:2. Note on the Theory of the Spinning- Top. 


The value of the least distance may easily be determined by sup- | 
posing two planes, parallel to one another, to pass through the 
given lines. These planes will therefore be perpendicular to the 

least distance, and their equations will be | 


(x — a) cosa 4 (y — b) cos + (z —c)cosy = 0, 
— @) cos a + (y — cos + (2 — cos y = 0, 
COS a, COS Py and cos y being determined by the equations 


cos a + mcos -+ = 0, 
cos + m' "cos + cos y = 0, 
(cos a)? + (cos B)? + (cos y)? = I. 


The least distance of the lines will be the perpendicular distaaie 
of these parallel planes, or the difference of the perpendiculars 
upon them from the origin, Which is 


f(a — ad) cosa + (b + con 
SI. 


IX.—_NOTE ON THE THEORY OF THE SPINNING-TOP. 


THE manner in which friction causes a spinning-top to raise itself 
into a vertical position, has never, as far as I know, been distinct] 
shown. Euler gives the following explanation, which will be found 
in a note to Whewell’s Dynamics, p. 324.“ The friction will per- 
petually retard the motion of the apex of the instrument, and at 
last reduce it to rest. If this happen before the top fall, it must 
then be spinning in such a position that the point can remain sta- 
tionary; but this cannot be if it be inclined. Hence it must have 
a tendency to erect itself into a vertical position.” This reasoning 
is not only of the most vague and inconclusive kind, but is remark- 
able as being directly the reverse of the truth. For when the fric-_ 
tion acts so as to retard the apex, it tends to make the top fall; and 
it is only when the friction accelerates the apex, that it causes the 
top to raise itself into a vertical position. 
It is well known, that if a body have velocities communicated to 
it about different axes, which are represented by distances taken 
_ along these axes, proportional to the velocities, all the rotations — 
being considered as “right-handed” or “left-handed” rotations, 
being represented by taking the distances in the negative direction, 
then the axis and magnitude of the resultant rotation will be repre- 
sented by the resultant of these lines combined as lines representing 
forces. 
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Note on the heory of the Spinning- Top. 


Suppose, now, a top, whose apex is a mathematical point, to be 
spinning on a smooth horizontal plane in an inclined position, and, 


for distinctness of conception, let this be the plane of ay, and let 


the axis be in the plane Y2. 
The action of gravity will tend to make it fall, by giving it a. 
motion of rotation about an axis parallel to that of z. The angular 
velocity this would communicate in an_instant of time. may be re- 
presented by a line in the direction of — a ‘The combination of 
these two will cause the instantaneous axis to move a little towards. 
the axis of — x, and the axis of figure to follow nearly in the 
same direction, and the effect will be a precessional motion of the 
top in the same direction as the rotation, combined with a nutation 


which we do not here consider.’ Consequently, the centre of 


gravity remaining in the same vertical line, the apex will describe | 
a circular path “ with the Sun.” 

If the plane be rough, the apex will endeavour to describe the 
same path, but will be constantly retarded by friction, which at the 
instant we consider will be a force pulling the apex in the direction 


of — x, which will tend to produce a rotation about an axis per- 


pendicular to a plane passing through the direction and the centre 
of gravity, or lying between the axes of y and —z. The com- 
bination of this with the original rotation will thus cause the axis of 


the top to approach the axis of ¥, or to fall. 


_ Hitherto we have supposed the apex of the top to be a mathe- 
matical point, which can never be exactly the case; the real apex 
will be a surface. If we consider the top as terminated by a 
portion of a sphere, it will be seen that the top spins on no parti- 
cular point, but that each point in the circumference of a small cir- 
cular curve is successively in contact with the plane, the diameter 
of the curve increasing with the inclination of the top. 

Conceive, now, the top spinning in its original position, and with 
no precessional motion, the apex will endeavour to roll along the 
axis of x; if it is prevented from rolling, there will be a rubbing 
friction tending to pull the apex in that direction. 

Suppose, now, the top to spin freely—the precessional motion 
makes the apex move towards x: if this velocity is equal to the 
rolling velocity, there will be no friction called into action, and the 
top will spin as if on a smooth plane. If the precessional motion 
be greater than the rolling motion, there will be a retarding friction 
which will cause the top to fall. But if the rolling motion ts quicker 
than the precessional, there will be an ne friction which will 
tend to raise the top. see 

It is easy to show, by means of a seetotum, that this theory agrees 
with experiment. If the apex be cut to a point, no velocity we can 
communicate will make it spin upright; if the apex is rounded, as 


it usually is, the instrument will rise at first, and then fall gradually, 


the increased diameter of the circle in which it touches the plane 
compensating for the diminishing velocity of rotation and the in- 
creasing velocity of precession: or if the end be a cylinder cut 
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perpendicularly to its axis, in which case this compensation does 
not take place, it will be found that the teetotum spins upright for 


some time, and then falls very suddenly as soon as the direction of 
friction changes. 


H. T. 


X.—ON THE SOLUTION OF CERTAIN TRIGONO- 
METRICAL EQUATIONS. 


are several trigonometrical equations roots can be 
readily obtained by taking into consideration their connection with 


the general binomial equation whose last term is “Unity. If for 
example we have the equation 


cos 6 + cos 20 + cos 36 +. | oe (n — 1)0 = O, 

_ we can find its roots by means ated the oneien , 

We know that the roots of this last equation are of the form 
A, COS + sing, cos sin . 


cos (n—1) 9 + V —1sin(n—1)¢. 
Now as the equation wants the second term, the sum of its roots 
must be 0; and as the possible and impossible parts do not affect 
each other, they must be separately equal to 0; also, as the roots 
+ 1 and — 1 destroy each other, there remains 
cos ¢ + cos 29 + cos 36 +... cos(n —1)9=0. 
Comparing this with the original saison we see that the former 


will be satisfied by maging 6= 9. But to determine ¢, we have the 
equation 


(cos + —1 sin — 1=0, 
or cos + Y —1 sin = |. 
Whence, as the possible and impossible parts are independent, 
~ cos 2ng = |, sin 2np = 0; 
give = 2mr, 
_ mn 
or 


where m has any integer value from 0 to m, making in all 2 + 
values of g. But two of these cannot be taken as values of 0, as we 
excluded the roots + 1 and — 1, which correspond to the values 0 
and” of m. So that 6 will be found from the equation 


where m has any value from 1] to » — 1, making in all » — 1 values 
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_ of 6 which answer the given equation. In exactly the same way we 
might shew how to solve the equation 


cos 6 + cos 30 + cos 506+. +.cos(2n = 1)0 = 0. 
For its roots would be deduced frei the equation 


(cos 0 + —1 sind)” + 1 = 0, 


or cos 2nd. + —1 sin = — 1; 
which gives = — 1, sin 2n0’= 0. 
Therefore = (Qm'+ 1) x, 
and = 4 T ; 


where m has any value from 0 to n — l, giving on the whole n 
values of 6 which satisfy the equation. 
Similarly, the equations 


] 4 cos 20 + cos 30 + . + cos ne — 0, 


and cos 4 cos 36 + . 
_ may be solved by means of the equation 
gene 0, 


and a2" + == 6; 
For the first we shall have 
On 
where m has n values from 1 to 2. 
For the second we shall have 
on + | 
where m has 7 values fet: Oton—1. 


Ts 


The same method may be sieitad to other oe For the | 
roots of a2” — 1 = 0 being of the form 


cos @ + sin 9. 
If we snuldigly each by cos a + Y—] sina, it becomes: 
cos (a + + —I1sin (a + 9). 
But the sum of the roots will still remain equal to 0 when mul- 
tiplied by cosa + VY —1 sina, and taking away the terms which 
destroy each other, there will remain 
cos (a + + cos(a@ 4 4 cos(a + 3h) +4 
| + cos ja + Let = ..... 
consequently the equation 
cos (a + 0) + cos(a 4 20) 4 .... cos + (n — 1) = 0, 


will be satisfied by the same values of @ as the first of the given 
equations ; and similarly we might proceed with the others. 
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XIL—MATHEMATICAL NOTES. 


- Unper this head we propose to insert new demonstrations of 


known theorems, solutions of interesting problems, and in general 
short notices of methods of mathematical investigation which are 
likely to be useful to all classes of students in this university. 


1. Elimination by ry means of Cross Multiplication. This is a 
-.convenient mnemonic rule for elimination, applications of which 
continually occur in various branches of analysis; and’ references 


_ to which have been frequently made in different articles of this 


number. | 
If we have three | 
Az + By + Cz = 
A«+By+C z= 
+ Boy + C,z = Dy... 


between which we wish to eliminate y and z; we can 1 perform the | 


‘operation at once by the following rule: 

Multiply (1) by B,C, — B,C,, 
(2) by B.C — BC,, 
(3) 


and add. It will be found on trial, that the terms involving y and z | 


disappear, and we obtain 
$A (B,C, — B, Cy) + A, (B,C — BC,) + A, (BC, — a 
= D(B,C, — B,C,) + D, (B,C — BC,) + D,(BC, -- B,C), 
from which x is known. And in a similar manner we winks deter- 
mine y and z by eliminating # and z, and x and y successively. 
If D=0, D,=0, D, = 0, the second side of the equation 


disappears, and as a2 divides out, we have, as the result of the — 


elimination of a, y, z, the equation 


A (B,C, — B,C + A, (B,C — BC,) + A, (BC, — B.C) = 0. 

As examples of cases in which this method is of great advantage, 
we may notice the investigation of the cubic equation of condition 
for the existence of three principal axes of rotation, and of three 
principal diametral planes in surfaces of the second order, and the 
demonstration of the properties of conjugate diameters in these 
surfaces. It is also of great use, in finding the equation to the 
osculating plane, and the radius of absolute curvature, if all the ex- 
pressions be put in a symmetrical form. The form of the multi- 
pliers may be easily deduced by Lagrange’s method of indeterminate 
multipliers, and their symmetry greatly facilitates the practical ap- 
plication of the method. | 

0. 
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2. To find in the Planetary Theory. The following 


by of a subsidiary quantity, simplifies” 
greatly the analytical operations, and more particularly avoids a 
very troublesome integration. (Ary, p. 94, Pratt, 4 331.) 


Taking the equations of —" motion, 


= 


Differentiate 4) with regard to e, “considering ¢ as constant, and 
take the logarithmic differential of with regard to. the same va- _ 


riable. Then we have 
0 = (1 — ecos u) — sinu (3) 
sin u de de (4) 


Eliminating and observing that 


1-@ 
get - 1 dd 2 + e cos (9 — 
de sin — w) 32 + cos (0 - 
whence 
Again, we have r=a(l —ecosw). 
du 
Eliminating - by means of (3), 
dr acosu + ae 
Therefore ws é) = — acos(6 w ). 


de l—ecosu 
Te. 


3. Evolute to the Ellipse. The equation to the evolute of ‘the 
ellipse may be found very readily by considering it as the locus of 
the ultimate intersection of consecutive normals. 


Let 
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be the equation to the ellipse. Then the equation to a normal 
passing through a point a, y, will be 


x 


— Q, 


oe where: a and B are the coordinates of the normal itself. To find the - 


locus of the ultimate intersection of the normals, we must differen- 


tiate considering a and (3 as constant, a and y a’ variable. We. 


then have from equations (1) and (2) 


d | 
F az 
B°Bdy @adx 
N (3) + (4) gives, on — to 0 the coefficients of each dif- 
ferential, 


Multiply the first of these by x, and the second by UE and add. 
| 2 2 


y a 
Substituting | 
a*— h? @a at — ba*/3 
aa y? 6B 


y 
b 


and these values of — and being substituted in the equation to 
the ellipse, give 


aiat + pt = (a? — 


ERRATUM, 


Page 4, line 10, dele the words “the force of restitution may be taken 
as proportional to it, so that.” 
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